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Abstract 

For a system with three identical nucleons in a single-j shell, the states can be written as the 
angular momentum coupling of a nucleon pair and the odd nucleon. The overlaps between these 
non-orthonormal states form a matrix which coincides with the one derived by Rowe and Rosensteel 
[Phys. Rev. Lett. 87, 172501 (2001)]. The propositions they state are related to the eigenvalue 
problems of the matrix and dimensions of the associated subspaces. In this work, the propositions 



K^ ' will be proven from the symmetric properties of the 6?' symbols. Algebraic expressions for the 

■^ ' dimension of the states, eigenenergies as well as conditions for conservation of seniority can be 

^^ , derived from the matrix. 
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I. INTRODUCTION 



It is well known that seniority remains a good quantum number for systems with identical 
fermions in a single-j shell when j < 7/2, irrespective of interactions used [l|, |2|. This 
property of seniority conservation is no longer valid in shells with j > 9/2. In these cases, 
the rotationally-invariant interaction has to satisfy a certain number of linear constraints to 
conserve seniority. The number turns out to be [(2j-3)/6] {[n] denotes the largest integer 
not exceeding n) [2] , which is related to the number of states with total spin I = j for three 



identical nucleons in a single-j shell |3|-[5|]. This indicates that the interactions that mix 
seniority are only a small fraction of the total two-body interactions 2|. 

In past decades, intensive works have been done in deriving algebraic conditions for 



conservation of seniority 
conserved in high-j shells 



6|-|9|. It is thus found that seniority is still approximately 
2|]. In j = 9/2 shell, seniority is exactly conserved in some eigen 



10 



ll[ |. Hence, seniority is still a 



states even with seniority-nonconserving interactions 
valuable symmetry in studying medium heavy and heavy semi-magic nuclei. The special 
advantage of conserving seniority is that in some important cases the states are uniquely 
defined by seniority and other quantum numbers. This enables us to explore exact analytic 
expressions for the eigenenergies and wave functions of involved states, which may help in 
understanding the underlying nuclear structure. Along this line, works have also been done 
in studying algebraic ex pre ssions for the number of states for identical nucleons in a single-j 
shell [sMsl, Il2|4l6| . Ref . |l7| explored the conditions where the eigenenergy can be expressed 
as rational functions of two-body interaction. 

More specifically, in a recent work p, [D], Rowe and Rosensteel show that the number 
of linear constraints and algebraic expressions for conservation of seniority can be derived 
with the quasispin tensor decomposition of the two-body interaction. (Introductions to 
the quasispin scheme can also be found in Talmi's book 2[ and recent publications 18|.) 
They proposed a matrix which can project the eigen vectors to two quasispin subspaces and 
stated that the eigenvalues of the matrix must equal to 2 or -1. In this work, algebraic 
expressions for the number of states and for conservation of seniority will be explored from 
a decomposition of the total angular momentum. A matrix similar to that of Ref. a] can be 
constructed from the decomposition. The eigenvalue problems of the matrix will be explored 
in a general way with symmetric properties of angular momentum coupling coefficients. 



We will also show that algebraic expansions for state energies and wave functions can be 
constructed with the help of this matrix. A short introduction to the framework used in 
this work will be given first. 

II. NUMBER OF STATES FOR THREE FERMIONS IN A SINGLE SHELL 



We will focus on systems with three identical fermions. In constructing the basis states 
we follow the description of Refs. 



19 



20| where it has been referred to as the multistep shell- 



model. For a system with three identical nucleons, the states can be given as the angular 



momentum coupling (tensor product) of a single nucleon and one nucleon pair as [l9| (see 
also Ref. |8|) 

\f{Ja)j;I) 



a] X A\ 



|0), (1) 

where a^ and Jyj^ = 2 [c'-j x a]]'^" are nucleon and pair creation operators, respectively, and 
/ is the total spin. Jq, are even integers which can take values from to 2j — 1. We have 
neglected the magnetic quantum numbers for simplicity. These bases are overcomplete and 
are not orthonormal to each other. The overlap between two different bases is given as 



= 6j^j^+2MjiJM. 



and 



MJiJaJi 



J J' 



J J J'a 



(2) 



(3) 



j I J a 

where J = \/2J + 1. The dimensions of the matrix B and M are the same. They equal the 
number of even integers between \j — I\ and j + J, i.e., D = [(3j + 1 — /)/2] and (2/ + l)/2 
for j < I and j > I, respectively. The similarity between overlap matrix elements and 
coefficients of fractional parentage (i.e., Eq. (15.10) of Ref. |2|) is rather straightforward. 

A matrix similar to Eq. ([3]), which was denoted as M^j and related to the overlap matrix 
by M£^ 



.m 



L^j — 2Mj{'yJ), has been introduced in Refs. [6|, 17| with the quasispin tensor decompo- 
sition of the two-body interaction. The matrix can project the eigen wave functions into two 
subspaces with the quasispin of S* = and 2. The first proposition of Refs. p, [D] reads: the 
eigenvalues of matrix M^ must equal to —1 or 2. The second proposition is closely related 
to the first one, which deals with the dimensions of the two subspaces and the number of 




seniority nonconserving interactions |7|. In this work we focus on only these propositions of 
Refs. p, ITJ but we should mention that other results have been discussed by the authors. 

We start from the sum rules (orthogonality relations) of 6j symbols. With Eqs. (10.13) 
and (10.14) of Ref. [2|, we have the following relations 

J2Mj{J.J)Mj{JJ'J = llJ2(^J+l)\^ ^ ^" 

J J [J I J 

= SjcJL^ (4) 

and 

Y, MJ{J^J)Mj{JJ'J - Y, Mj{J^J)MjiJJ'J = MjiJM, (5) 

J,even J,odd 

where in the first relation the summation is over both even and odd values of spin J. 
Immediately, we have 

2M2 - M - X = 0, (6) 

where I denotes a unit matrix. Above equation indicates that the eigenvalues of the matrix 
M are equals to 1 or —1/2. This essentially completes our proof of the Rowe-Rosensteel 
proposition. The special feature of our work is that the matrix M is introduced in a different 
physical framework and the proposition is proven in a more general form. The proposition 



of Refs. 



LZI] corresponds to the special case oi I = j. 
With Eqs. ([2]) and ([6]) , it can be easily recognized that the eigenvalues of the matrix B 
are equal to 3 or 0. A set of orthonormal bases |7n)/ can be derived by diagonalizing the 
overlap matrix B. We have 

B\ln)l = 3|7n)/. (7) 

The dimension of the orthonormal bases will be denoted as Dj{j). It equals to the rank of 
overlap matrix B. We have 

D,(j)=rank(i?j) = ^tr(fi^). (8) 

where tr(i?) denotes the trace of the corresponding matrix. We note that a similar relation 



has been derived in Ref. 2l| by employing a special spin-independent two-body interaction. 



Based on symbolic calculations with Racah's analytic formula for the 6j symbol [22,] 



(Eq. (10.26) in Ref. |2|), we found that the following relations hold. For / < j, we have 

3 J Ja 



tr(M) = V (2J„ + 1) 

— \ n T T 

Ja,even [J c 



-1/2 mod(2/,6) = 1, 
1/2 mod(2/,6) = 3, 
mod(2/, 6) = 5. 



(9) 



A similar sum rule has been found for the special case of / = j in Ref. [12|] (see also Ref. (8|). 
For states with I < j, the corresponding dimensions can be written as 



DiU) 



2/ + 1 + 4tr(M) 
6 



[1/3] mod(2/, 6) = 1 

[//3] + 1 mod(2/, 6) = 3 
[1/3] + 1 mod(2/, 6) = 5 











> = 


1+2 




21 + 3 
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(10) 



For / > j, we have 



tr(M) = J2 (2"^" + 1 

Ja ,even 




1/2 mod(3j - 3 - /, 6) = 

-1 mod(3j - 3 - /, 6) = 1 

mod(3j - 3 - /, 6) = 2 or 3 

^ -1/2 mod(3j - 3 - /, 6) = 4 or 5. 



:ii) 



Similarly to Eq. ( TTOj) . we have 

[(3j + 1 - /)/2] + 2tr(M) 



DiU) 



' [^^^] mod(3j - 3 - /, 6) = 

[^i^] - 1 mod(3j - 3 - /, 6) = 1 

[^i^] mod(3j - 3 - /, 6) = 2 or 3 

. [2ii|ii[] mod(3j - 3 - /, 6) = 4 or 5 

■3j + 3-/' 



5, 



mod(3jr-3-/,6),l- 



(12) 

Above algebraic expressions for state dimensions were first empirically obtained in Ref. |4| 
and analytically proved in Ref. 16 |. 



III. EXPRESSION FOR THE EIGENENERGIES 



The Hamiltonian matrix can be written as 



(7™|^l7n)/ = (7..b"(^a)j;/)(j"(^«)j;/|i^|j"(^;)j;/)i?K^y:)0"(^:)j;/|7n) 



(13) 



where 



{jVa)j;i\v\jVMi) = Vj^B^.iJM- 



(14) 



Vj = {j , J\V\j , J) are two-body matrix elements with \j , J) denoting coupled two-body 
states. Although the matrix defined by Eq. flT^ is not symmetric, one can easily recognize 
that the Hamiltonian matrix is symmetric since the overlap Bj is a symmetric matrix. 

For a system with three identical fermions in a single-j shell, we have one I = j state 
seniority z/ = 1 and [{j — l)/3] states with seniority z/ = 3. The conservation of seniority 
implies that (7,^=1 l "K|7 ,y=.s)i=0 [2]. Based on the overlap matrix, the conservation condition 



can be written as 



23| 



^Sj(OJjLBj(OJ, 



J>0 



BJiOO) 



BJ{Jo.X)]Vj^ = 0, 



(15) 



where A denotes a even integer which can take values between 2 and (2j — 1). For interaction 
Vq, the corresponding coefficient is zero. The total number of linear constraints is calculated 
to be n = Dj{j) - 1 = [{j - l)/3] = [(2j - 3)/6]. With Eq. ([2]), we found that the expansion 
coefficients of Eq. ( ITSl) can be written as 



4(2J, + 1) 



^j(OO) 

mox) 



c 



(2j + l)(2j-l) 



-'JcX 



B'JJaX) 



2(2 J„ + 1 




(16) 



where C denotes a constant. A similar analytic expression has been derived in Ref. ^. It 
can be easily seen from the above equation seen that the summation of terms in the bracket 
is a rational number. As a result, the seniority conservation condition can be expressed as 
rational functions of the interaction. The algebraic conservation conditions for 9/2 < j < 
13/2 have been given explicitly in Ref. 2, l6|. The conservation condition for j = 15/2 can 
be given as 



133014 - 283514 - 18071/6 + 6121/8 + 31501/io + 31751/i2 - 3625Vu = 0, 



(17) 



and 



778051/2 - 16947014 - 8552714; - 47431^8 + 2227681/io + 168025142 - 2088581/i4 = 0. (18) 



These two expressions are derived by assuming A = 2 and 4, respectively. The conditions 
can also be expressed as linear combinations of above expressions and those calculated with 
other A values. 

It can be easily seen that the following sum rules of 6j symbols should hold, 

Ja^O, even \^ J J -^ j -^ 

and 

E (^J^ + ^)\'.'/"]=l- (20) 

Ja, even I J J J 

These relation are derived with Racah's algebraic expression of 6j symbols. But they can 
also be derived from Eqs. (jl]) and (|5]) of this work as well as from Eqs. (10.13) and (10.14) 
(or Eqs. (10.20) and (10.21)) of Ref. I2J. With above relations we have 



E«^-^"=0- (21) 



The eigenenergies and eigen vectors can be calculated by diagonalizing the Hamiltonian 
matrix. In a single-?' shell, the energy of a state with total angular momentum / can be 



written as l2, N, 07 



m 



23| 



Ei = CiVj^, (22) 



where Cj^ are expansion coefficients which are usually irrational functions of the two-body 
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23| . The projection of the eigen wave function \E' onto the basis states is 



interactions 
given as 

{^n\f{Ja)j;I) = Fj{j^) = {^^\^J{^^\f{J'Jj;I)BjiJ'M. (23) 

The expansion coefficient C is related to the projection F by 

Cj. = \Fi{Ja)\'. (24) 

We have 

J2Cj. = J2\PlM\' = S. (25) 

Joe •Joe 

For a state with dimension Di(j) = 1, it can be easily understood from Eq. (1231) that the 
corresponding energy expression would be uniquely defined with expansion coefficients C 
being related to the overlap matrix elements. 



If seniority was conserved in the interaction, the system would be exactly solvable. These 
have been intensively studied in textbooks |2| and recent publications [8] and will not be 
detailed here. As an illustration, the wave function of unique u = 1, I = j state for three- 
identical-nucleon system in any single-j shell satisfies the relation 



Correspondingly, the energy expression can be given as 

2j-l ,^ 4(2J + 1) 



E 



\r I V 4(2J + 1) 



2j + l ^(2j + l)(2j-l) 



IV. SUMMARY 



In summary, algebraic expressions for the number of states, eigenenergies and condition 
for conservation of seniority have been explored for systems with three identical nucleons in 



a single-j shel 



from a decomposition of the total angular momentum. A matrix similar to 



that of Ref. [d] have been constructed from the decomposition. The eigenvalue problem of 
the matrix was explored in a general way with symmetric properties of angular momentum 
coupling coefficients. 
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